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Abstract. Given an ample line bundle i on a A'3 surface 5*, we study the slope sta- 
bility with respect to L of rank-3 Lazarsfeld-Mukai bundles associated with complete, 
base point free nets of type .gj on curves C in the linear system \L\. When d is large 
enough and C is general, we obtain a dimensional statement for the variety Wj(C). If 
the Brill-Noether number is negative, we prove that any g J on any smooth, irreducible 
curve in \L\ is contained in a gl which is induced from a line bundle on 5", thus an- 
swering a conjecture of Donagi and Morrison. Applications towards transversality of 
Brill-Noether loci and higher rank Brill-Noether theory are then discussed. 



1. Introduction and statement of the results 

Many results of Brill-Noether theory regarding a general point in the moduli space 
Mg, which parametrizes isomorphism classes of smooth, irreducible curves of genus g, 
have been proved by studying curves lying on K3 surfaces. One of the advantages of 
considering an irreducible curve C C S, where S" is a smooth K3 surface, is that some 
interesting properties, such as the Clifford index, do not change while moving C in 
its linear system (cf. IIGLI ). Moreover, Brill-Noether theory on C is strictly connected 
with the geometry of some moduli spaces of vector bundles on the K3 surface. Indeed, 
given a complete, base point free linear series A on C, one associates to the pair (C, A) 
a vector bundle on S, the so-called Lazarsfeld-Mukai bundle, denoted by Ec,a- 

Lazarsfeld-Mukai bundles were first used by Lazarsfeld, in order to show that, 
given a K3 surface S such that Pic(S') = Z • L, a general curve C G \L\ satisfies the 
Gieseker-Petri Theorem, that is, for any line bundle A G Pic(C) the Petri map 

fioA : H\C, A) ® H^iC cjc^A'')^ H\C, ojc) 

is injective (cf. liLT) , jEl, or |L2| for a more geometric argument). 

It is natural to investigate what happens if the Picard number of S is greater than 
1. In order to do this, having denoted by \L\s the locus of smooth, connected curves 
in the linear system \L\ and chosen two positive integers r, d, one studies the natural 
projection vr : W2(|L|) \L\s, whose fibre over C coincides with the Brill-Noether 
variety P^J(C7). 

In the course of their proof of Green's Conjecture for curves on arbitrary K3 sur- 
faces, Aprodu and Parkas (cf. [|AF |) showed that, if L is an ample line bundle on a 
K3 surface such that a general curve C G \L\ has Clifford dimension 1 and gonal- 
ity k, given d > g — k + 2, any dominating component of >V]([L|) corresponds to 
simple Lazarsfeld-Mukai bundles. In particular, when the gonality is maximal this 
ensures that, if C is general in its linear system and the Brill-Noether number p{g,l,d) 
is positive, the variety W^{C) is reduced and of the expected dimension. In the case 
p{g,l,d) = 0, one finds that W}{C) is 0-dimensional, even though not necessarily 
reduced. 

It is natural to wonder to what extent such a result can be expected to hold for linear 
series of type g'j^ with r > 1. We prove the following theorem. 
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Theorem 1.1. Let S be a K3 surface and L G Pic(5') he an ample line bundle such that a 
general curve in \L\ has genus g, Clifford dimension 1 and maximal gonality k = . Fix 
a -positive integer d and assume (g, d) {(2, 4), (4, 5), (6, 6), (10, 9)}. 

(a) Ifd > jg + 2, no dominating component o/yV|([L|) corresponds to rank-3 Lazarsfeld- 
Mukai bundles which are not p, ^-stable. 

(b) If^g+2 < d < \g+2, let W be a dominating component of W'^{\L\) that corresponds 
to Lazarsfeld-Mukai bundles which are not pi-stable. Then, there exists M G Pic(S') 
such that ci (M) • C < and the following conditions are satisfied for a general 
{C, A) G W: 

(i) h'^{S,M (g)Oc(8)A^) > 0, 

(ii) h^{S, M) > 2, h^{S, L (g) M^) > 2, 
(Hi) Cliff (M ® Oc) < Cliff (A) = d - 4, 

(iv) Cliff (M (S)Oc') = Cliff (M ® Oc) for any C G |L|,. 

Unlike case (|a)l, case © does not exclude the existence of dominating components 
of Wj(|-L|) which correspond to either /x^^ -stable or properly /i^ -semis table Lazarsfeld- 
Mukai bundles. However, general points of such a component W give nets (7^, which 
are all contained in the restriction of the same line bundle M G Pic(S') to curves in \L\. 
Furthermore, the Clifford index of M ® Oc is the same for any C G \L\s and does not 
exceed d — 4. 

For a curve C G \L\s and for a fixed value of d, we define the variety 
W^{C) := {A G W^{C) I ^ is base point free}, 

which is an open subscheme of Wj(C), not necessarily dense. The following result is 
a direct consequence of Theorem ll II 

Corollary 1.2. Under the same hypotheses of Theorem 11.11 for a general C G \L\s the follow- 
ing hold. 

(a) Ifd > jg + 2, the variety W^{C) is reduced of the expected dimension p{g, 2, d). 

(b) If ^g + 2 < d < jg + 2, let W be an irreducible component 0/ Wj(C) which either 
is non-reduced or has dimension greater than p{g, 2, d). Then, there exists an effective 
divisor D c S such that, for a general A G W, the linear system \A\ is contained in 
\Oc{D) \ and the line bundle M := Os{D) satisfies conditions (ii)-(iv) of Theorem 




Theorem 11.11 concerns values of d for which p{g, 2, d) > 0. When p{g, 2, d) < 0, we 
show that any complete, base point free g"^ on any curve C G |L|s is contained in a gl 
which is induced from a line bundle on S. More precisely, we prove the following: 

Theorem 1.3. Let S be a K3 surface and L G Pic(S') be an ample line bundle such that a 
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general curve in \L\ has genus g, Clifford dimension 1 and maximal gonality k 
Abe a complete, base point free g^ on a curve C G \L\s such that p{g, 2, d) < 0. Then, there 
exists M G Pic(S') satisfying conditions (i)-(iv) of Theorem II . l\ and ci(M) • C < ^^y^- 

The analogous statement for pencils was proved by Donagi and Morrison f l|DMI 
Theorem (5.1')), without the assumption that C has Clifford dimension 1 and maximal 
gonality. The authors conjectured ([DMj Conjecture (1.2)) that the same holds true for 
any linear series of type g^ with p{g, r, d) < 0; Theorem [L3] proves their conjecture for 
r = 2. 

The case of pencils is very particular, since it involves vector bundles of rank 2. 
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Donagi and Morrison used the fact that any non-simple, indecomposable Lazarsfeld- 
Mukai bundle of rank 2 can be expressed as extension of the image and the kernel of 
a nilpotent endomorphism, which both have rank 1. Their proof cannot be adapted 
to linear series with r > I, corresponding to Lazarsfeld-Mukai bundles of rank at lest 
3. Our techniques consist of showing that, under the hypotheses of Theorem |1.3l the 
rank-3 Lazarsfeld-Mukai bundle E = Eq^a is given by an extension 

N ^ E^ E/N 0, 

where N G Pic(5') and E/N is a /x^, -stable, torsion free sheaf of rank 2. When E is 
/XL-unstable, the line bundle N coincides with its maximal destabilizing sheaf and the 
determinant of E/N plays the role of the line bundle M in the statement. Something 
similar happens if E is properly ^u/, -semis table. 

Aprodu and Farkas' result follows from a parameter count for spaces of Donagi- 
Morrison extensions corresponding to non-simple Lazarsfeld-Mukai bundles of rank 
2. The strategy used to prove Theorem ll.ll consists. instead, of counting the number of 
moduli of ;Ui-unstable and properly /zl -semis table Lazarsfeld-Mukai bundles of rank 
3; this involves Artin stacks that parametrize the corresponding Harder-Narasimhan 
and Jordan-Holder filtrations. 

The plan of the paper is as follows. Sections |2] and |3] give background information 
on Lazarsfeld-Mukai bundles and stability of sheaves on K3 surfaces. 

In Section H] we present a different proof of Aprodu and Farkas' result and show 
that, if p{g, l,d) > 0, the Lazarsfeld-Mukai bundles corresponding to general points 
of any dominating component of W^(|L|) are not only simple, but even yU^-stable 
(Theorem I4.3|) . We introduce stacks of filtrations, studied for instance by Bridgeland 
in [Bj and Yoshioka in [Y], and explain our parameter count in an easier case. The 
space of Lazarsfeld-Mukai bundles E, such that the bundles appearing in the Harder- 
Narasimhan filtration of E have prescribed Mukai vectors, turns out to be an Artin 
stack, whose dimension can be computed by using some well known facts regarding 
morphisms between semistable sheaves. 

In Section |5] we look at the different types of possible Harder-Narashiman and 
Jordan-Holder filtrations of a rank-3 Lazarsfeld-Mukai bundle E with det(£') = L and 
C2{E) = d. If the determinants of both the subbundles Ei and the quotient sheaves E^ , 
given by the filtration of E, have at least 2 global sections, their restriction to a general 
curve C € |L| contributes to the Clifford index. This is used in order to bound from 
below the intersection products between the first Chern classes of the sheaves Ei and 
EK 

In Sections miZllH] we estimate the number of moduli of pairs (C, A) corresponding 
to rank-3 Lazarsfeld-Mukai bunldes which are not ^^-stable. The subdivision in three 
sections reflects the different methods necessary to treat various types of filtrations, 
depending on their length and on the rank of the sheaves Ei and E^ . At the end of 
Section |8] the proofs of both Theorem 11.11 and Theorem 1 1.3 1 are given. 

In Section|9j an application towards transversality of Brill-Noether loci and Gieseker- 
Petri loci is presented. Recall that the Gieseker-Petri locus GPg consists, by definition, 
of curves inside Mg that violate the Gieseker-Petri Theorem. For values of r, d such 
that p{g, r, d) > 0, one defines the component of GPg of type (r, d) as 

GP'g,d ■■= {[C] G Mg I 3 (A, V) G with ker /ioy / 0}, 

where fiQy is the Petri map. The subscheme 

GP^d ■■= {[C] eMg\3Ae W'aiC) \ P^;+i(C) with ker po,A + 0} 
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is open in GP^ ^ but not necessarily dense. We prove the following: 

Theorem 1.4. Let r>3, g>0, d<g — Ibe positive integers such that p{g, r,d) < and 
d-2r + 2 > [{g + 3)/2j. If r > 4, assume > 4(r - l){g + r - 2). For r = 3, let 
d"^ > 8g + 1. If — 1 is not represented by the quadratic form 

Q{m, n) = {r — l)m^ + mnd + {g — m, n G Z, 

then: 

(a) M;;,<tMl^forf<{g + 2)/2. 

(b) Ml,<tGPljforf>{g + 2)/2. 

(c) M^^ <t e < mill { i|9 + f|, d - 2r + 5} and p{g, 2, e) < 0. 

(d) M^^ (t GPle i/e < mill { + ff , d - 2r + 5} and p{g, 2, e) > 0. 

The assumption on the quadratic form Q is a mild hypothesis. For instance, it is 
automatically satisfied when r and g are odd and d is even. 

In the last section we exhibit an application of our methods to higher rank Brill- 
Noether Theory. We give a negative answer to Question 4.2 in IILN31 , which asks 
whether the second Clifford index Cliff 2 (C*), associated with rank-2 vector bundles on 
a curve C, equals Cliff (C) whenever C is a Petri curve. We analyze what happens in 
genus 11 and look at the Noether-Lefschetz divisor MCfi i-^, which consists of curves 
that lie on a K3 surface 5 C with Picard number at least 2; this coincides with the 
locus of curves [C] G Mu such that Clifr2(C) < Cliff (C) (cf. ||F02| ). We prove the 
following: 

Theorem 1.5. a general [C] G AfCfi i^ is a Petri curve. 

In other words, the Gieseker-Petri divisor GPu and the Noether-Lefschetz divisor 
MC\i are transversal. 

Acknowledgements: This paper is part of my Ph.D. thesis and I am grateful to my 
advisor Gavril Parkas for discussions. I would like to thank Marian Aprodu for an 
inspiring conversation had last February in Berlin. A special thank goes to Peter New- 
stead for giving me the opportunity of spending a productive period at the Newton 
Institute in Cambridge and suggesting me the genus-11 problem and further applica- 
tions to higher rank Brill-Noether theory. 

2. Lazarsfeld-Mukai bundles 

In this section we briefly recall the definition and the main properties of Lazarsfeld- 
Mukai bundles (LM bundles in the sequel) associated with complete, base point free 
linear series on curves lying on K3 surfaces. We refer to IILT| . l|L2l . (Pi for the proofs. 
Let be a K3 surface and C C 5 a smooth connected curve of genus g. Any base point 
free linear series A G W^'(C)\W^"^^(C) can be considered as a globally generated sheaf 
on S; therefore, the evaluation map evA,s : H^{C, A) (g) Os Ais surjective and one 
defines the bundle Fc a to be its kernel, i.e., 

(1) ^ Fc,A H^{C, A)^Os^A^0. 

The LM bundle associated with the pair {C,A) is, by definition, Ec,a '■= A- 
dualizing ([T), one finds that Ec,a sits in the following short exact sequence: 

(2) ^ H^iC A^ <S)Os^ Ec,A ^ujc^A^^Q- 
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in particular, Ec,a is equipped with a (r+l)-dimensional subspace of sections. The 
following proposition summarizes the most important properties of Ec,a'- 

Proposition 2.1. If Eq.a is the LM bundle corresponding to a base point free linear series 
A e W^{C) \ W^+\C), then: 

• rk Ec\A = r + 1. 

• det Ec\A = L, where C G \L\. 

• C2{Ec,a) = d. 

• The bundle Ec,a is globally generated off the base locus ofooc ^ 

. h%S,EcA) = h^iC, A) + h^iCioc ^ A'') = r + I + g - d + r, 

hHS,Ec,A) = h\S,Ec,A) = 0. 
. xiS, Ec,A ® Fc,a) = 2(1 - p{g, r, d)). 

In particular, if p{g, r, d) < 0, the LM bundle Ec,a is non-simple. 

Being a LM bundle is an open condition. Indeed, a vector bundle E of rank r + 1 is a 
LM bundle whenever {S, E) = h^{S, E) = and there exists A G G(r + 1, H°{S, E)) 
such that the degeneracy locus of the evaluation map ev\ : K(i(> 0$ —> E is a smooth 
connected curve. 

Analogously, given (C, A) as above, one defines a rank-r vector bundle Ma on C as 
the kernel of ev^.c : -ff°(C, A)®Oc ^ A. It turns out that 

H^{C, Ma®ojc®A^) = ker pq^a- 

Similarly, by tensoring ^ by Fc^a arid taking cohomology, one shows that 

H\S, Ec,A Fc,a) ^ H\C, Fc,A (E) coc ^ A""). 

Moreover, there is the following short exact sequence: 

(3) O^Oc ^ Fc,A <8) ^ Ma «) ^ 0. 

Having denoted by vr : W^(|L|) \L\s the natural projection and by Pi^a,s the com- 
position of the Gaussian map pi^A '■ ker;Uo,A -f^^CC*, w^) with the transpose of 
the Kodaira-Spencer map : ^ {Tc\L\y = H\C,Oc), one has that 

Im(d7r(c' A)) C Ann{lm{pi^A,s))- Sard's Lemma applied to the projection vr implies 
that, if W C >V^(|L|) is a dominating component and C is general in its linear sys- 
tem, the sequence ^ is exact on the global sections for any {C,A) € (7r|yv;)~^(C) 
such that A is base point free and h^{C,A) = r + 1; indeed, the coboundary map 
H^{C, Ma ®ujc(S> A"^) — )• H^{C, uc) coincides, up to a scalar factor, with pi^A,s- As a 
consequence, the simplicity of Ec,a is equivalent to the injectivity of po,A- hi particu- 
lar, if a general points of W are complete, base point free linear series corresponding 
to simple LM bundles, the fiber (7rj>v)^^(C) over a general C G \L\s is reduced of 
the expected dimension. Standard Brill-Noether theory implies that no component of 
W^'(|L|) is entirely contained in W^^^(1L|). Therefore, the variety W^{C) is reduced 
of the expected dimension for a general C G |L|s if no dominating component W of 
W^(|L|) is of one of the following types: 

(1) For (C, A) eW general, A is complete, base point free and Ec,a is non-simple. 

(2) For (C, A) £W general, A is not base point free and ker /io,A / 0. 

In order to exclude one can proceed by induction on d because, if B denotes the 
base locus of A and ker po^A / 0, then Pq^a{-b) / 0/ too. 
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3. MUMFORD STABILITY FOR SHEAVES ON K3 SURFACES 

For later use, we recall some facts about coherent sheaves on smooth projective 
surfaces referring to l|HL| and IShl for most of the proofs. Let 5 be a smooth, projective 
surface over C and H an ample line bundle on it. Given a torsion free sheaf on 5 of 
rank r, the i/-slope of E is defined as 

c,{E).c,{H) 
r 

and E is called /iff-semistable (resp. /U/^-stable) in the sense of Mumford-Takemoto 
if for any subsheaf ^ F C E with rkF < rk£^, one has fJ-niF) < ^ih{E) (resp. 
iJiuiF) < fiH{E)). The Harder-Narasimhan filtration of E (HN filtration in the sequel) 
is the unique filtration 

= Eo C El C. . . C Es = E, 

such that E^ := Ei/Ei^i is a torsion free, /i^-semistable sheaf for 1 < i < s, and 
fj.H{Ei+i/Ei) < fiH{Ei/Ei-i) for I < i < s — 1. Such a filtration always exists. It can 
be easily checked that, if £^ is a vector bundle, the sheaves Ei are locally free; moreover, 

Hh{Ei) > ijh{E2) > . . . > hh{E). 

The sheaf Ei is called the maximal destabilizing sheaf of E; the number fxniEi) is the 
maximal slope of a proper subsheaf of E and, among the subsheaves of E of slope 
equal to ^//(-Ei), the sheaf Ei has maximal rank. In particular, Ei is ^L-semistable. 

Now, we assume E is /x//-semistable. A Jordan-Holder filtration of E (later on, JH 
filtration) is a filtration 

= JHo{E) C JHi{E) C...C JHs{E) = E, 

such that all the factors grj(-E) := J Hi{E) / J Hi^i{E) are torsion free, /ij^ -stable sheaves 
of slope equal to ^h{E). This implies that fiH{JHi{E)) = ij-h{E) for I < i < s. 
The Jordan-Holder filtration always exists but is not uniquely determined, while the 
graded object gr(-E) := ©igrj(S) is. 

The following result regards morphisms between /Uj^-semistable and ^//-stable sheaves 
on S (cf. ia, lEI). 

Proposition 3.1. Given two torsion free sheaves E and F on S, the following holds: 

(1) If E and F are ^H-semistable and iih{E) > iih{F), then Hom(ii^, F) = 0. 

(2) If E and F are fin-stable, finiE) = jJ-HiF) and there exists / 99 G Hom(E', F), 
then ikE = ikF and ip is an isomorphism in codim < 1 (in particular it is injective). 

In the case where 5 is a K3 surface, by Serre duality H'^{S,E) ~ Hom(ii^, O^)"^; 
hence (H) implies that, if E is ^//-semistable and ij.h{E) > 0, then h'^{S, E) = 0. 

From now on, we assume 5 to be a K2> surface. Throughout the paper we will often 
use the following fact: 

Lemma 3.2. Let E,Q e Coh(S') be torsion free and ik E > 2. If E is globally generated off 
a finite number of points, h'^{S, E) = and there exists a surjective morphism (p : E ^ Q, 
then h^{S,Q'^^) > 2. 

Proof. Being a quotient of E , the sheaf Q is globally generated off a finite set. If 
rkQ > 2, this trivially implies /i°(5,Q^^) > h°iS,Q) > 2. On the other hand, if Q 
has rank 1, then Q = N ® I, where G Pic (5) and / is the ideal sheaf associated 
with a 0-dimensional subscheme of S. Since is a quotient of E off a finite number of 
points, it has no fixed components, thus it is base point free (cf. liSDJ ). The statement 
follows by remarking that N = cannot be trivial because h'^{S, E) = 0. □ 
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Another useful result is the following one (cf. Lemma 3.1 in BGLII ): 

Lemma 3.3. Let E he a vector bundle of rank r on S which is globally generated off a finite 
number of points. Ifh'^{S, E) = 0, then h°{S, det E) > 2. 

Proof Since the natural map A''i/°(5, E) (^Os ^ f\^E = det E is surjective off a finite 
number of points, the line bundle det E is base point free. Therefore, it is enough 
to show that det E is non-trivial. This follows by remarking that, given a general 
V G G{r, H'^{S, E)), the natural map evy : V ^ Os ^ E is injective but is not an 
isomorphism since E) = 0. Therefore, det evy gives a section of det E vanishing 
on a non-zero effective divisor. □ 



Last but not least, we recall some notation and results from |M1|| . The Mukai vector 
of a sheaf E G Coh(5') is defined as: 

v{E) := ch(E)(l + w) = rk(^) + ci{E) + {x{E) - Tk{E))uj G H*{S, Z) = H^*{S, Z), 

where H^{S,'L) is identified with Z by means of the fundamental cocycle w. The 
Mukai lattice is the pair {H*{S,Z), (,)), with (,) being the symmetric bilinear form 
on H*{S, Z) whose definition is the following: 



{v, w) := — V* A w, 
Js 

where, if t; = v'^ + + v'^ with G H'^^{S,Z), we set v* := — + v^. Given 
E,F e Coh(S'), we define the Euler characteristic of the pair {E, F) as 

2 

X{E,F) := ^(-l)MimExt^(S,F), 

i=0 

and it turns out that = -{v{E),v{F)). 

Given a Mukai vector v G H*{S,Z), let M{v) be the moduli stack of coherent 
sheaves on S of Mukai vector v.lf H £ Pic(S') is ample, we denote by 7W//(?;)^** (resp. 
M.h{v)'^^) the moduli stack parametrizing isomorphism classes of /i//-semistable (resp. 
///f-stable) sheaves on S with Mukai vector v. Recall that any ^/^-stable sheaf is sim- 
ple and that any irreducible component of A4h{v)^^^ has dimension equal to {v, v) + 1. 
Moreover, if gcd{v^ .H) = 1, then /i//-semistability and ^//-stability coincide. 

4. Stability of Lazarsfeld-Mukai bundles of rank 2 

Let 5 be a smooth, projective K3 surface and consider a line bundle L G Ample(S') 
such that a general curve C G \L\s has genus g, Clifford dimension 1 and maximal 

gonality k = . In this section we prove that, if C is general in its linear system 

and p{g, 1, d) > 0, the LM bundle associated with a general complete, base point free 
on C is //^-stable. 

Fix a rank-2 LM bundle E = Ec,a corresponding to a complete, base point free 
pencil A G W}{C) with C G |L|^; Proposition Oimpl ies that 

v{E) = 2 + ci{L) + {g-d+l)uj. 

We assume E is not ^^-stable. In the case where E is /iL-unstable (resp. properly /i^- 
semistable) we consider its HN filtration (resp. JH filtration) C M C E, which gives 
a short exact sequence 

(4) O^M^E^N^I^^O, 
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where M and are two line bundles such that /ul(M) > hl{E) = g—l > (resp. 
I^l{M) = ^jll{E) = fiL{N)) and is the ideal sheaf of a 0-dimensional subscheme 
^ C 5" of length I = d-ci{N)-ci (M). By Lemma O we know that h^{S, N) > 2. First 
of all, we prove the following: 

Lemma 4.1. In the situation above, if C € \L\s has Clifford dimension 1 and (constant) 
gonality k, one has ci(M) • ci{N) > k. 

Proof We remark that h^{S, M) = since ^l(M) > 0. Therefore, if 

2 > h°{S,M) > x{M) = 2 + ci(M)V2, 

then ci(M)2 < and the inequality /Ul(M) > g-l implies ci(M) ■ ci{N) > g + 1 > k. 
From now on, we assume h^{S, M) > 2. Since uc N'^\c = M (S) Oc, the line bundle 
N\c contributes to Cliff (C). The short exact sequence 

Q ^ ^ N ^ N ® Oc ^ Q 

gives hP{C, N ®Oc)> h^{S, N). It follows that 

Cliff(iV«)Oc) = ci{N)-{ci{N) + ci{M))-2h^{C,N(S)Oc) + 2 

< ci {Nf + ci (N) ■ ci (M) - 2xiN) - 2h^ {S, N) + 2 

= -2 + ci{N) -ciiM) -2h^{S,N). 

Since Cliff (iV (»Oc)>k-2, then a (M) ■ ci{N) > k + 2h^ {S, N) > k. □ 

Our goal is to count the number of moduli of fi L-unstable and properly ^ ^.-semistable 
LM bundles of rank 2. 

Fix a nonnegative integer / and a non-trivial, globally generated line bundle 
on S such that, having defined M := L® , either /Ul(M) = ^l{N) = g - I or 
l^iiM) > g — 1 > ^l{N). We consider the moduli stack Sn,i parametrizing filtrations 
OCM cE with [M] G M{v{M)){C) and [E/M] £ M{v{N ® I^)){C), where = I. 
Note that, since both N and M are line bundles, the stack M.[v{M)) has a unique C- 
point endowed with an automorphism group of dimension 1, while M.{v{N /^)) is 
corepresented by the Hilbert scheme S^^^ parametrizing 0-dimensional subschemes of 
S of length I. Two filtrations {) <Z M <Z E and C M' C E' are equivalent whenever 
there exists a commutative diagram 

M ^E 

M' ^ E', 

where ipi and ip2 are two isomorphisms (cf. |jBl for the proof that f at,; is algebraic). The 
stack £j\f^i can be alternatively described as the moduli stack of extensions of type 
Let p : £n,i M{v{M)) x M{v{N (g) /^)) be the natural morphism of stacks mapping 
the short exact sequence (H)) to (M, N ^I^). The fiber of p over the C-point (M, N 1^) 
of M{v{M)) X M{v{N (g) Ij:)) is the quotient stack 

[Ext^iV (g) Ig, M)/Hom(iV (g) Ig, M)], 

where the action of Hom(A^ (g I^, M) over Ext^iV ig I(,M) is the trivial one (cf. IH); it 
follows that in general p is not representable. 

We define Pn,i to be the closure of the image of £n,i under the natural projection 
q '■ £n,l M{v{E)), which maps the point of £n,l given by ^ to [E]. The morphism 
q is representable (cf. proof of Lemma (4.1) in |iBJ) and the fiber of q over a C-point 
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of Pn^i corresponding to E is the Quot-scheme Quot5(i?, P), where P is the Hilbert 
polynomial of N ^ I^. We denote by Pn,i the open substack of Pn,i whose C-points 
correspond to vector bundles E satisfying h^{S, E) = h?{S, E) = 0. 

Let Qn,i — > Pn,i be the Grassmann bundle with fiber over a point [E] G Pn^i{C) 
equal to G{2, H^{S, E)). A C-point of Qn,i is a pair {E, A) and comes endowed with 
an automorphism group equal to Aut(£'). We consider the rational map 



mapping a general point (i?, A) G Qn,i{^) to the pair (Ca, Aa), where Ca is the de- 
generacy locus of the evaluation map ev\ : A ® Os — > E, which is injective for 
a general A G G{2, H°{S, E)), and ojca <^ ^a cokernel of ev^. Notice that 

d := ci{N) ■ ci(M) + /. Since while mapping to W](|L[) we forget the automorphisms, 
the fiber oih^^i over (C, A) is the quotient stack 



where 'Rovii{Ec,A: <^ ^'^)° denotes the open subgroup of Hom(£^c' yi, ujc (8) ^4^) con- 
sisting of those morphisms whose kernel is isomorphic to O®^, and Aut(£'c',A) acts on 
P(Hom(£'c_A,'^c <8 A^)°) by composition. In particular, hj^^i is not representable. As 
remarked in Section |2l one has 



it is trivial to check that 

Hom(Sc,A, ® A^y ~ Aut(^c,A). 

Therefore, the action of Kv,t{Ec^A) on ¥(J[{ovii{Ec^a,^c ® ^4^)°) is transitive and the 
stabilizer of any point is the subgroup generated by Hs^a' ^ consequence, any 
fiber of /i7v,« has dimension —1 (cf. liGol for the definition of the dimension of a locally 
Noetherian algebraic stack). We denote by 'Wn,i the closure of the image of /iat /. The 
following holds: 

Proposition 4.2. Assume that Pn,i be non-empty and let W be an irreducible component of 
Wn,i- Then 

dim W < g + d- k, 
where k is the gonality of any curve in \L\s. 

Proof. Proposition l3.ll together with the fact that h^{S, /^) = if / > 0, implies that 



It follows that the dimension of the fibers of p is constant and equals — N (E) I^), 
unless M ~ N and / = 0, in which case it is —x{M, N I^) + 1. 

Regarding the fibers of q, it is well known (cf. [IHH Proposition 2.2.8) that, given 
[ip : E N I;:] e Quot s{E, P), the following holds: 

dimHom(K,iV(g)/5) -dimExt^(K,iV(g)/5) < dimj^] Quots(£;, P) 



where K = ker y?; moreover, if Ext^(i^, N I^) = 0, then Quot5(£', P) is smooth in 
[if] of dimension equal to dim Horn (JC, N ® I^). Since K ~ M, ii M c^t N and / = 0, 



hN,i : gN,i y^di\L\) 



[F{Rom{Ec,A,uJc ® A''y)/Ant{Ec,A)] 



Hom(£'c,A, (8> A 



)c^H^{S,Ec,A®ElAy, 




< dimHom(ir, 7V(8)/^) 
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the fibers of q are smooth of dimension 1; indeed, Ext^(A^, A^) ~ H^{S,Os) = 0. 
Otherwise, the fibers of q are 0-dimensional. It follows that, if Pn,i is non-empty, then: 

dim Qn^i = dim P^^i + 2{g - d+1) 

= dim7W(t;(M)) + dimM{v{N O J^)) + {v{M),v{N O J^)) + 2{g - d + 1) 

= 2/ - 2 + ci(M) • ci (N) - - _ 2 + / + 2(ff - d + 1) 

= 3l + 2g-2d-2-{g-l) + 2ciiM)-ci{N) 
= g + d - 1 - ci{N) ■ ci{M) 
< g + d-l-k, 

where we have used that ci(M) + ci(iV) = ci(L) and d = ci(M) • ci(iV) + /, and the 
last inequality follows from Lemma 14.11 The statement is a consequence of the fact 
that the fibers of h^^i are quotient stacks of dimension equal to —1. □ 

We can finally prove the following result: 

Theorem 4.3. Assume that general curves in \L\s have Clifford dimension 1 and maximal 
gonality k = . 

• Ifp{g, 1, d) > 0, any dominating component ofW^{\L\) corresponds to bistable LM 
bundles. In particular, if C € \L\s is general, the variety Wj(C) is reduced and has 
the expected dimension p{g, 1, d). 

• If p{g, l,k) = and C G \L\s is general, then W^{C) has dimension 0. 

Proof. When p{g, 1, d) > 0, we show that no component W of Wj corresponding 
to either /XL-unstable or properly /xj^-semistable LM bundles dominates \L\. Proposi- 
tion |42] gives: 

dimW <g + d-k<g + d- ^A^- 

Our claim follows by remarking that any dominating component of >V^(|L|) has di- 
mension at least g + p[g^ 1, d) and that p{(j^ 1, d) > d — whenever d > 

If A; = that is, p{g, l,k) = 0, our parameter count shows that any dominating 
component of W^([L|) has dimension g; hence, if C G \L\ is general, W^{C) is 0- 
dimensional, even though non necessarily reduced. By induction on d, one excludes 
the existence of components of >V^(|L[) whose general points correspond to linear 
series which are not base point free. □ 

5. LAZARSFELD-MUKAI bundles of rank 3 WHICH ARE NOT ;Ul-STABLE 

We fix a LM bundle E = Ec,a associated with a complete, base point free g"^ on a 
smooth connected curve C € \L\s with L € Ample(5). By Proposition |2?TJ we have 

v{E) =3 + ci{L) + {2 + g-d)u, 

where g = g{C). We assume that E is not /^t^-stable and, in the case where it is /x/,- 
unstable, we look at its HN filtration: 

= Eo C El C . . . C Es = E. 

On the other hand, if E is properly ^^-semistable, we consider its JH filtration: 

= JHoiE) C JHi{E) C...C JHs{E) = E. 
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We first consider the cases where either E is properly -semis table and JHi{E) 
has rank 2, or E is yU^-unstable, rk E'l = 2 and Ei is /x^-stable. Under these hypotheses, 
E sits in the following short exact sequence: 

(6) ^ M ^ E ^ N (g) 0, 

where M = JHi{E) (resp. M = E'l) is a /i^ -stable vector bundle of rank 2, is a line 
bundle and is the ideal sheaf of a 0-dimensional subscheme <Z S. Moreover, 

(7) ^^i^M)>^JiL{E) = '^^^>^^L{N®^) = ^JiL{N), 

with the former inequality being strict whenever the latter one is. We have that 

ci(L) = ci{E) = ci(M) + ci{N) and d = C2{E) = ci{N) ■ ci(M) + /(^ + C2(M), 
where /(^) denotes the length of ^. We prove the following: 

Lemma 5.1. Assume a general curve C G \L\s has Clifford dimension 1 and gonality k. In 
the above situation, one has ci{N) ■ ci(M) > k and 

(8) "S^' + M 

Proof. As E is globally generated off a finite number of points, N is base point free 
and non-trivial, thus h^{S, N) > 2 and /UL(iV) > 0. The inequality fiL{M) > implies 
that h'^{S,M) = and, since /iL(detM) = 2/iL(M), we have that h'^{S,deiM) = 0, 
too. Therefore, h^{S, det M) > x(det M) = 2 + ci (M) 2/2 and, if h^{S, det M) < 2, then 
ci(M)2 < -2 and ci{N) ■ ci{M) > (4c/ + 2)/3 > A; by the first inequality in 0, which 
gives 

(9) ci (M)2 + ci (iV) • ci (M) > . 

On the other hand, if /i°(5,detM) > 2, then A^jc contributes to Cliff (C) and one 
shows, as in the proof of Lemma |4!T1 that ci (N) ■ a > k + 2h^ {S, N) > k. 
The /i ^-stability of M implies that 

-2< {v{M),v{M)) =ci(M)2-4x(M)+8 = 4c2(M)-ci(M)2-8. 

Therefore, we have 

d = ci(iV) • ci(M) + C2(M) + 1(0 > ci(iV) • ci(M) + + ^ > + ! + |; 

4 4 4 D o 

this concludes the proof. □ 



Now, we assume that either E is ^UL-unstable, vkEi = 1 and E/Ei is /^L-stable, 
or E is properly /i^^-semistable and its JHfiltration is of type C JHi{E) C E with 
ikJHi{E) = 1. Denoting by N the line bundle Ei (resp. JHi{E)), one has a short 
exact sequence: 

(10) ^ iV ^ S ^ E/7V ^ 0, 

where i?/A^ is a rank-2, /ij^ -stable, torsion free sheaf on S such that 

tiL{N) > fiL{E) > fiL{E/N), 

and either both inequalities are strict, or none is. We prove the following: 

Lemma 5.2. In the above situation, if a general curve C G \L\s has Clifford dimension 1 and 
gonality k, then ci(iV) • ci{E/N) > k. 
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Proof. As in the proof of Lemma l32l one shows that hP{S,E/N) > 2. Since E/N is 
stable, then hl{E/N) > and h'^{S, E/N) = 0. Moreover, the vector bundle {E/Ny^ 
is globally generated off a finite number of points and h^{S, det{E/N)) > 2 by Lemma 
HDbecause det{E/N) := detiE/Ny^. 

Since fiiiN) = ci{N) ■ {ci{N) + ci{E/N)) > {2g-2)/3 > 0, we have h^iS,N) = 0. 
Hence, if h^{S,N) < 2, then ci{Nf < and ci(7V) • ci{E/N) > {2g + 4)/3 > k. 
Otherwise, N®Oc contributes to the Clifford index and this implies ci{N)-ci{E/N) > 
k, too. □ 

The cases still to be considered are the following ones: 

(i) E is /UL-unstable with HN filtration C Ei C E2 C E. 

(ii) E is properly ^L-semistable with JH filtration C JHi{E) C JH2{E) C E. 

(iii) E is /^L-unstable with HN filtration C -Ei C £' and Ei is a properly ^i^- 
semistable vector bundle of rank 2. 

(iv) E is fi L-unstable with HN filtration C Ei C E and Ei is a line bundle such 
that E/ El is a properly ^i- semistable torsion free sheaf of rank 2. 

In all these cases one has four short exact sequences: 

(11) Q^N ^ E^ E/N 

(12) 0-^ M E Ni(g)I^^-^0, 

(13) ^ N ^ M ^ N2 <S) I^^ ^ 0, 

(14) ^ TVs «) 1^2 ^ E/N ^ iVi (g) /g, ^ 0, 

where N, Ni, N2 are line bundles, /^^ and denote the ideal sheaves of two 0- 
dimensional subschemes ^1,^2 C S, the sheaf E/N has rank-2 and no torsion, while 
M is a vector bundle of rank 2. Moreover, the following inequalities hold: 



in particular, = ^il{N2) (resp. ^l(A^i) = /iL(^2)) whenever M (resp. E/N) 

is properly /UL-semistable, that is, in cases ^ and ([mil (resp. in cases ^ and (Hy)). 
Analogously, equalities in ([T6l l force £^ to be properly /i^-semistable with JH-filtration 
C C Af C E, that is, one is in case 

Lemma 5.3. In the above situation, Ni (g) Oc always contributes to the Clifford index of 
C E \L\s. Moreover, one of the following occurs: 

(a) Both N (g) Oc and Ni ® Oc contribute to the Clifford index ofC G \L\a. 

(b) The inequality ci{N)-{ci{Ni)+ci{N2)) > holds and either N20Oc contributes 
to the Clifford index ofC or ci{N2) ■ (ci(iV) + ci(iVi)) > g. 

(c) The linear series N Oc contributes to the Clifford index ofC e \L\s and one has the 
inequality ci{N2) ■ ci{N) > ^ci{N) ■ (ci(A^i) + ci{N2)). 

(d) The inequality ci{N) ■ ci{N2) > ^ holds. 

In particular, if a general C G \L\s has Clifford dimension 1 and gonality k, then 



(15) 



(16) 



1^l{N) > 



2g-2 
3 



(17) 
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Proof. Being a quotient of E off a finite set, A'^i is base point free and non-trivial, thus 
hP{S,Ni) > 2and hl{Ni) > 0. By the "Strong Bertini' s Theorem" (cf. fSDl), iVi is 
nef. Proposition 13. II implies h'^{S,N) = A^2) = because of dlSll. Analogously, 
^l{N2^N) = /UL(iV2) + ^l(A^) > and h'^{S, N2(^N) = 0. Moreover, the following 
holds: 

ciiN2^Nf = ci{N2)^ + ci{Nf + 2ci{N2) ■ ci{N) 

> ci{Nf + ci(A^2) • ci{N) + ci(iVi) • ci(iV) + ci{Nif 
= /iL(iV) + ci(iVi)2 >0, 
where we have used that, since ^l{N2) > AiL(-^i)/ then 

(18) ci{N2f + ci(iV2) • ci{N) > ci{Nif + ci(iVi) • ci{N), 
and that ci (A'^i)^ > because A'^i is nef. We obtain that 

h\S, N2 0N)> x{N2 ®N) = 2 + ^ci(iV2 ® Nf > 2, 

thus A'^i Oc always contributes to the Clifford index of C € \L\s. 
If both h^{S, N2) > 2 and h^{S, N) > 2, we are in case ©. 

If h°{S,N2) > 2 and h^{S,N) < 2, we show that © occurs. Since x{N) < 2, one 
has ci(iV)2 < and ci(iV) ■ (ci(7Vi) + ci(iV2)) > fJ-UE) + 2 = {2g + 4)/3 by the first 
inequality in Since /UL(iV (g) Ni) > 0, then h'^{S, N A^i) = 0. Moreover, one can 
show that 

ci{N0Nif > ijl{Ni) + ci{N2)^ > ci{N2f. 

It follows that, if ci{N ® Nif < 0, then ci{N2f < and 

25 - 2 < 2ci(iV) • ci{N2) + 2ci(iVi) • ci(iV2), 

that is, ci(iV2) ■ {ci{N) + ci(iVi)) > g. On the other hand, if ci{N ® Nif > 0, then 
h^{S,N (S) Ni) >2 and N2 Oc contributes to the Clifford index. 

From now on, assume h°{S, N2) < 2, hence ci{N2)^ < 0. Since det E/N ~ iVi ® N2, 
Lemma l33]implies h°{S, Ni N2) > 2. Thus, if h°{S, N) > 2, the linear series N(^Oc 
contributes to the Clifford index of C G \L\s. Furthermore, inequality dlSl l, together 
with the fact that ci{N2)^ < < ci{Nif, implies that ci(iV2) • ci(iV) > ci(iVi) • ci(iV). 
We obtain 

ci(iV2) • ci(iV) > ^ci(7V) • (ciim) + Cl{N2)), 

and we are in case ^ 

It remains to treat the case where both h^{S, N2) <2 and h°{S, N) < 2. Under these 
hypotheses, ci{N2)'^ < and ci{N)'^ < and we obtain 

25-2 < ci{Nif + 2ci{Ni) ■ ci{N) + 2ci{Ni) ■ ci{N2) + 2ci{N) ■ ci{N2) - 4: 
= 2ci{N) ■ ci{N2) + 2fiL{Ni) - ciiNif - 4 

< 2ci(iV)-ci(iV2) + ^^-4. 

As a consequence, ci (N) ■ c\ {N2) > and we are in case 

Now, we assume that C has Clifford dimension 1 and gonality k and prove inequal- 
ity (HZl. One shows, as in Lemma 1411 that 

(19) ci{Ni) ■ {ci{N) + ci{N2)) > k, 

because A'^i (S> Oc always contributes to the Clifford index of C € \L\s. Analogously, 
if iV (g Oc (resp. N2 Oc) contributes to Clifr(C), then ci(iV) • (ci(7Vi) + ciiN2)) > k 
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(resp. ci(A'^2) • (ci(A^) + ci(A'^i)) > fc); therefore, the last part of the statement is proved 
if either (|a)l or (|b| occurs (use that (2(7 + 4)/ 3 > k). 

In case ([cj), one arrives at the same conclusion by adding inequality ([T9ll and 

(20) ci(iV) • ci(iV2) > ^ci(iV) • {ci{Ni) + ci{N2)) > ^. 
Similarly, in case (|d|, one uses that ci{N) ■ ci(A^2) > (5 + 5)/3 > k/2. 

□ 

Corollary 5.4. Assume C G \L\s has Clifford dimension 1 and maximal gonality k = 
and let E he the Lazarsfeld-Mukai bundle associated with a complete, base point free net A G 
W^{C). If E is not HL-stable, d < |^ + | + § (g, d) / (6, 6), then E is given by an 
extension of type (lIOl ), with N G Pic(5) and E/N a jiL-stable, torsion free sheaf of rank 2 
such that > {2g - 2)/3 > iil{E/N). 

Proof. Apply Lemma ISH and Lemma 1531 and remark that [f^ + i + f] < [f^] unless 
5 = 6. □ 

6. Cases with a /ii-sxABLE subbundle of rank 2 and L-slope > miE) 

We assume that a general curve in |Lj has Clifford dimension 1 and maximal gonal- 
ity. In this section we show that, if C G is general, the LM bundle E corresponding 
to a general, complete, base point free g'j on C is neither properly jj, ^-semistable with 
JH filtration C JHi{E) C E and rkJHi{E) = 2, nor /i^-unstable with a /^L-stable, 
rank-2 vector bundle Ei as maximal destabilizing sheaf . 

Fix a positive integer d. Choose / G N and a non-trivial, globally generated line 
bundle N such that 

(21) ..(A') < '-i^ < (^■W-MA'))-c.(L) _ 

and impose that these are either two equalities or two strict inequalities. Set 

Cl := ci(L) -ci(iV), 

C2 := d - ci.ci{N) - I, 

X ■■= g-d + 5-x{N) + l, 

and define the vector v := 2 + ci + {x — 2)uj G H*{S, Z). The following construction is 
analogous to that of Section ID 

Let £n,i be the moduli stack of filtrations C M c E, where [M] G Miivy^C) 
and [E/M] G M{v{N (g) /g))(C) with = I. This is alternatively described as the 
moduli stack of extensions 

(22) O^M^E^Ni^I^^O, 

with M and ^ as above. 

If p : £nj Ml (v)^^ x M{v{N (g) I^)) denotes the morphism of Artin stacks map- 
ping the short exact sequence (|22ll to {M,N (g) I^), the fiber of p over the point of 
Ml{vY^ X M{v{N ® I^)) corresponding to the pair (M, N ^ I^) is the quotient stack 

[Ext^(iV (g) Ig, M)/Hom(iV (g) Ig, M)]. 

Define P/v,« to be the closure of the image of £n,l under the natural projection 

q:£N,L^Miv{E)), 

which sends the isomorphism class of extension (|22)) to [E] G M.{v{E)){C). The mor- 
phism q is representable and the fiber of q over the point of P/v,i corresponding to [E] 
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is the Quot-scheme Qlnoi ^{E , P) , where by P we denote the Hilbert polynomial of 
(g) I^. We consider the open substack Pjv,z C Pn,i, whose C-points are isomorphism 
classes of vector bundles E such that {S, E) = {S, E) = 0. 

Lemma 6.1. The stack Pn,i, if nonempty, has dimension 

dim Pat,/ = 2l + {v,v) + {v{N (S> I^),v). 

Proof. We claim that the dimension of the fibers of p is constant. Indeed, Serre duality 
and Proposition HU imply that dimExt^(A^ /g, M) = dimHom(Af, N (S) I^) = for 
any [M] € Ml{v)^'^{C) and € S"'''. This shows that S^^i, if nonempty has dimension 
equal to 

diuiiMLivY' X M{v{N ® /g))) -x{N0l^,M) = 21 -1 + 1 + {v, v) + {v{N (g) I^),v); 

note that this coincides with the dimension computed by Yoshioka (cf. Lemma 5.2 in 
| |Y| ). The statement follows by remarking that, if Pat / is nonempty, then dimP/v,« = 
dimP/v,« = dimfTv,; because the Quot-schemes corresponding to the fibers of q are 
0-dimensional (use inequalities analogous to (jSjl). 

□ 

We consider the Grassmann bundle Qn^i Pn,!, whose fiber over [E] G P]\f^i{C) is 
G{3,H^{S,E)), and the rational map Hn/: 0^,1 >Vj(|L|). The fiber of /iAr,/over a 
pair (C, A) is the quotient stack 

[F{Rom{Ec,A ,ujc(^A''y) / Aut )] , 

where Hom(£'c^A,'^c ® ^^)° C Ilom{Ec,A,^c ^ ^'^) consists, by definition, of mor- 
phisms with kernel isomorphic to Og^. Such quotient stack has dimension equal to 
— 1, as in Section m Our goal is to estimate the dimension of the closure of the image 
of h]\f^i, which is denoted by Wn^i. We first prove the following: 

Lemma 6.2. IfQN,i is nonempty, then 

dim gN,i = g + p{g,2,d) + x{M,N 
Moreover, x{M, N (S) I^) < + ^ - d - ^ci{N) ■ a. 
Proof. We use that 

2{p{g, 2, d)-l) = {v{E),v{E)) = {v{N ® /g), v{N (g) I^)) + {v, v) + 2{v{N (g) /g), t;) 

= 2l-2 + {v,v) + 2{v{N®I^),v); 

this implies that 

dimgN,i = dim PN,i + 3{h°{S,E) -3) = 2p{g,2,d) - {v{N ^),v) + 3{g - d + 2) 

= g + p{g,2,d)+x{M,N®I^), 

as soon as ^at^^ is nonempty. 

Since x{M^N (g) I^) = -{v{N ® /^), v) = 2x{N (g) /g) + x - 4 - ci (iV) • ci, the last part 
of the statement follows by remembering that xiE) = X + ^ ^i) = g — d + 5 and 
that 

ci(iV)^ ^g-l ci{N)-ci 
2-3 2 

because pl{E) > pl{N I^). □ 
In conclusion, we prove the following: 
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Proposition 6.3. Assume that a general curve in \L\s has Clifford dimension 1 and maxi- 
mal gonality k = . Let W C Wn,i be an irreducible component o/ >V|(|-L|); then, 
p{g, 2,d) > and W does not dominate the linear system \L\. 

Proof Lemma Ogives ci{N) ■ ci > k > {g + 2)/2 and d > |A; + | + f > ^5 + f|; in 
particular, p{g, 2, d) > 0. By Lemma l62l we have 

4 8 3 
dim^TV.i < 9 + p{9,'2,d) + -g + -- d - -k 

4 8 3 3 

< 9 + p{9,'^,d) + -g + -- d - -g - - 

7 7 

= g + p{g,2,d) + —g+--d. 

Since any fiber of h at / is an algebraic stack of dimension — 1, then 

7 13 

dim W<g + p{g, 2,d) + —g + — -d. 

12 b 

The right hand side is strictly smaller than g + p{g, 2, d) because d > ^^j^- It follows 
that W cannot dominate \L\. □ 

7. Cases with a pl-stable quotient sheaf of rank 2 and L-slope < piiE) 

In this section we count the number of moduli of rank-3 LM bundles E, which are 
either properly /ii-semistable with JH filtration C JHi{E) C E where JHi{E) is a 
line bundle, or /ij^ -unstable with maximal destabilizing sheaf Ei such that E/Ei is a 
p L-stable, torsion free sheaf of rank 2. 

Fix an integer d > A. Choose G Pic(S') such that 

(23) M.(iV) > ^ > (^■W-^f))-'.W . 

with equality holding either everywhere or nowhere. 

As before, we set c[ := ci(L) - ci(iV), 4 := - c[ • ci(iV), x' := g - d + 5 - x{N), 
v' -.= 2 + c[ + ix' - 2)uj G H*{S, Z). 

We denote by the algebraic stack of extensions 

(24) 0^ N ^ E/N 0, 

where E/N defines a point of 7W^*(i''). Equivalently, Tn is the moduli stack of fil- 
trations c N c E such that [E/N] G Ml''{v'){C). Consider the two projections 
p: Fn ^ Ml'{v') X M{v{N)) and q : ^ M{v{E)) and define Rn to be the clo- 
sure of the image of q. The open substack Rn c Rn consists, by definition, of points 
corresponding to bundles E such that h^{S, E) = h'^{S, E) = 0. We look at the Grass- 
mann bundle Qn ^ Rn with fiber over [E] G Rn{C) equal io G{2,,H^{S,E)). The 
closure of the image oiQ^ under the rational map ■ Qn --^ is denoted by 

Wat. As before, the fibers oih^ are quotient stacks of dimension —1. 

Lemma 7.1. The stack Qn, if nonempty, has dimension 

dimg^ =g + p{g, 2, d) + x{E/N, N). 

Proof. The fiber of p over a point of M^j^{v') x M{v{N)) corresponding to {E/N, N) is 
the quotient stack [Ex.t^{E/N,N)/}lom{E/N,N)]. Since p^N) > pl{E/N) and E/N 
is /iL-stable, Serre duality and Proposition 13.11 imply that Ext^(i?/A^, A^) = 0; hence, 
the dimension of the fibers of p is constantly equal to —x{E/N, N) = {v{N),v'). The 
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morphism q is representable and, as in the previous sections, one shows that its fibers 
are Quot-schemes of dimension 0. Therefore, if i? at is nonempty, one has: 

dimi?jv = dimi?jv = dimJ^jv = {v\v') + {v{N),v'). 

The statement follows by proceeding like in the proof of Lemma l6!2l □ 

Next Lemma gives an upper bound for x{E/N, N). 

Lemma 7.2. Assume that a general curve C G \L\s has Clifford dimension 1 and maximal 



gonality k = ^ . If Rn is nonempty, then x{E/N,N) < - 2d + 3 for any E/N 
corresponding to a point ofM^^{v'). 

Proof Consider the extension (|2l]|, where [E] G R^^C). Since fJ.L{N) > 0, one has 
h^{S, E/N) = h'^iS, N) = 0. As in Lemma 1^21 one obtains x{E/N) = h^{S, E/N) > 2, 
hence x{^) = x{E) — x{E/N) < g — d + 3. As a consequence: 

X(.E/N,N) = 2x{N)+x' -4.-ci{N)-c[ 
= g-d+l + xiN)-ci{N)-c[ 

< 2g-2d + 'i-ciiN)-c[ 

< ^g-2d + 3, 

where the last inequality follows from Lemma |5^ □ 

Finally, we prove the following: 

Proposition 7.3. We assume that a general curve in\L\ has Clifford dimension 1 and maximal 
gonality k = . If d > jg + 2, no irreducible component W o/ >Vj(|L|) which is 

contained in Wn dominates the linear system \L\. 

Proof. Let W C Wn be an irreducible component of yV|(|L[). Since any fiber of /i at is 
an Artin stack of dimension equal to —1, Lemma [7J] and Lemma |7!2] imply that 

dim W < 5 + p{9, 2, d) + ^g-2d + 4. 

If p{g,2,d) > 0, the condition d > ^g + 2 prevents the map W |L| from being 
dominant. □ 

Now we show that, if d is small enough and C G \L\s, any complete base point 
free g"^ on C, whose LM bundle is given by an extension of type (|24ll , is contained in a 
linear series which is induced from a line bundle on S. 

Proposition 7.4. Let S and L be as in the hypotheses of Proposition \7.3\ and A be a complete, 
base point free g1 on a curve C G \L\s. Ifd < {5g +13)/ 6 and the LM bundle [Ec\a] G RNiC) 
for some N G Pic(5), the linear system \A\ is contained in the restriction to C of the linear 
system \L ® N^\ on S. Moreover, L ® N'^ ® Oc contributes to the Clifford index of C and 
the following conditions are satisfied: 

(i) ClifF(L iV^ ^ 0^,) ^ Cliff (L A^^ Oc) for any C G 

(ii) Cliff (L (^N^ ® Oc) < Cliff (^) = d - 4. 

Proof. By hypothesis, E = Ec,a sits in a short exact sequence like (|24)l . where E/N is 
/XL-stable and ^il{N) > {2g - '2)/3 > hl{E/N). Since /Ul(A) > 0, then h'^{S,N) = 0. 
Remark that (i?/A)^^ is globally generated off a finite set and 

h'{S, {E/N)'^'^) = h\S, E/N) = for i = 1, 2. 
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Since det E/N = dei{E/NY'^ is base point free and non trivial, if h^{S, det E/N) 7^ 0, 
then (c'^)^ = and Proposition (1.1) in MGLI implies the existence of a smooth elliptic 
curve E C such that 

This would contradict the stability oi E/N and thus we conclude that (c'^)^ > 2 and 
(25) /i^(5,det£;/iV) = 0. 

Moreover, the ^x-stability of E/N implies 

-2<{v\v') = Ac'^-{c!^f-S, 

thusc'2 > 3/2 + (c;)V4 > 2. 

If h^{S,N) < 2, then ci{Nf < -2, which implies {c[)^ + 2ci{N) ■ c[ > 2g and 
c'l ■ ci(iV) > {2g + 4)/3. In particular, 

/ ^.r^ / / /^rs 3 (c'i)2 5 3 g + 2 55 + 13 
d = c'l • ci (N) + c'2 > c'l • ci (iV) + - + iA^ > I + - + ^ > 

thus a contradiction. Therefore, 

/i°(C,iV«)Oc) > h°{S,N)>2, 
h°{C, det Oc) > h°{S, det -E/iV) > 2, 

that is, the restriction N(^Oc, or equivalently its residual L®N'^(^Oc = det E/N(^Oc, 
contributes to the Clifford index of C G \L\s. 

Equation ^ implies that h^{C',N (S) Oc) = h^{S,N) for any C G |L|. Hence, 
/ii(C', iV Oc") = /i°(C', det E/N (?) Oc") does not depend on C and © is proved. 

Moreover, is implied by the following inequalities: 

Cliff (det S/A^ ® Oc) = ciiE/N)"^ + ci{N) ■ ci{E/N) -2h^{C,deiE/N (^Oc) + 2 

< ci{E/N)^ + ci(iV) • ci{E/N) - 2h'^{S, det E/N) + 2 
= ci (N) ■ ci (E/N) -2-2h\S, det E/N) 

= d-C2{E/N)-2 

< d- 4. 

Itremains only to prove that /i°(C,detii^/A^®C'c(X>^^) > 0. Consider the following 
diagram: 

^ H°{C, A)v ® ^ ^ ^ ^ 0. 



N 

Since /i^ (5, A^) = 0, the composition 007^0. This implies Hom(Af, ojc ^ A"^) ^ and 
we have finished because iV^ (g) ^ det E/N (Si Oc fS) . 

□ 

8. Remaining cases 

In this section we consider rank-3 LM bundles E of type diijl, ([mjl, (|iv]| on page 
12, such that det E = L and C2{E) = dis fixed. 

Choose /2 e N and two line bundles N, N2 € Pic(S') such that Ni := L®{N® N2)'^ 
is globally generated and non-trivial, and the following holds: 

(26) f^LiN)> fiL{N2)> I^l{Ni), 

(27) t^LiN)> V> f'LiNi), 
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where in (|27)l either both the inequalities are strict, or none is. 

Set V := v{N), vi := v{Ni %) and V2 := v{N2 (S) /^a), with /(^2) = h and 

m) = h:=d-h- ci{N) ■ ci{Ni) - ci(iV) • ci{N2) - ci(iVi) • ci(A^2). 
Define Tn,N2,12 to be the moduli stack of extensions 

^ A^2 ^6 ^ ^/^ ^ A^i % 0, 
where C is a 0-dimensional subscheme of length for i = 1,2. We consider the 
projections p2 : J^N,N2,i2 ~^ M{v2) x M{vi) and q2 ■ J^N,N2,i2 ~^ M{v{E /N)), and we 
denote by Qn,N2,12 the closure of the image of q2- 
If £n,N2,12 is the moduli stack of extensions 

O^N ^ E ^ E/N 0, 
where [E/N] G QAr^TVa./aC'^)' '^o^^i'^^'' the morphisms pi : £n,N2,12 ~^ ■M{v) x Qn,N2,12 
and qi : £n,N2,12 ~^ M{v{E)). The closure of the image of qi is denoted by Pn,N2,12 
and its open substack, consisting of points which correspond to vector bundles E such 
that h^{S, E) = h^{S, E) = 0, by Pn,N2,12- 

Remark that, if £' is a LM bundle of type duj, ((iij) or ((iv]|, there exist N, N2 and 
I2 such that [E] defines a point of Pn,N2,12- order to count the number of moduli of 
such bundles, we start by proving the following: 

Lemma 8.1. The stack Qn,N2,12' if nonempty, has dimension 

dimQAr^7V2,/2 = 2/1 + 2/2 - 2 + {vi,V2), 

unless Ni ~ A'^2/ ^2/0 and li = 0. In this case, for any component Q c Qn,N2,12' 
following inequality holds: 

dimQ < 2/1+2^2 - 1 + {vi,V2). 

Proof. The fiber of p2 over the point of Ml{v2) ^ Ml{vi) given hy {N2'S) 1^2 ' ^1 ® hi ) 
is the quotient stack 

[Ext^(iVi ® %, iV2 ® ) /Horn (iVi %, iV2 ® /ft)]- 

Since hl{N2) > fJ-UNi), if either Ni ^ N2 or Ni ~ iV2, / and h = 0, one finds that 

Hom(7V2 «) /ft , TVi (g) /ft ) = 0. 

In these cases, the fibers of p2 have constant dimension equal to — x ( A^i (8) /ft , A^2 "X) /ft ) 
while the fibers of q2 are 0-dimensional Quot-schemes, hence the statement follows. 

If Ni ~ A'^2 and h = h = 0, the conclusion is the same because the fibers of p2 have 
constant dimension equal to — ® hi , ^2 ^ 1^2 ) ~^ ^^id the fibers of q2 are smooth 
Quot-schemes of dimension 1. Indeed, Hom(A^, A^) = 1 and Ext^(A^, N) = 0. 

On the other hand, if A'^i ~ A'^2 arid I2 / 0, the fibers of p2 do not necessarily have 
constant dimension; indeed, dimHom(A^i (g) /ft, A'^i /^J depends on the reciprocal 
position of ^1 and .^2- Since 'Hom{I^^ , Os) — T-Lom{I^.^ ,1^^) — (cf. BOSSI ), one shows 
that 

^0"i(/ft>/ft) - {/ e C's I / • /ft ^ /ft} =: (/ft : /ft) = /ft\{ftnft); 
hence, one finds that 

(28) dimHom(iVi ® J^^iVi = H^{S,nomm„ I^,)) = | J ^therwis'e ' 

As in pY!, let AAO 

,Af2,/2 (resp. ■^N,N2,i2^ the substack of M{v2) x whose 
points correspond to pairs (A'^i (S> /ft, -/Vi <8) /^i) such that .^1 % ^2 (resp. ^1 C ,^2)/ that 
is, dimHom(iVi (g) /ft,iVi (g /ft) =0 (resp. dimHom(7Vi (g) /ft,iVi (g /ft) = 1). Remark 
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that Af^ ^2 and A/"^ are complementary and that, being open, h dense 

mM{v2) X M{vi) provided h / 0. 

We define J^^^^^^^^ := {P2rHK,N2,h^ J-^^^^.z^ - fe)-nA/i^,Ar2,;2) we 
denote by Q%^N,h QN,N,h closure of the image under q2 and J^h,N2,h 

respectively. Since the fibers of q2 are Quot-schemes, we obtain that: 

dimQ%^^^ i^ = dim7'^^^2,/2 = dim AA^^^2,/2 + (^i' ^2) < 2li + 2I2 - 2 + {vi,V2), 
dimQlf^^^ i^ < dim J'j^^^2,/2 = dim A/'j^^^^ + (^i'^2) + 1 < 2/i + 2/2 - 1 + (■ui,-U2), 

where the last inequality in the second row is strict, unless the stack Mj^ is dense 
in A^(u2) X M{vi), that is, h = 0. 

The statement follows because every component of Qn,n,12 is contained either in 

Q%,N,l2 °^ Qn,N,12- '-' 

By proceeding as in Lemma ISJl one proves the following: 
Proposition 8.2. Let Z be a nonempty irreducible component of Pn^n^^i^. We have that 
(29) dimZ = 2li + 2I2 + {v2,v) + {vi,v) + {vi,V2) - a, 

where a satisfies: 

(a) If N, Ni, N2 are all non-isomorphic, then a = 3. 

(b) Assume iV ~ iVi ~ N2. Ifh / and h = 0, then a e {1, 2, 3}. Ifh / and I2 = 0, 
one has a e {2, 3}. In all the other cases, a = 3. If N c::^ Ni N2, one has a = 3 
unless h = 0, in which case a € {2, 3}. 

(c) if ~ A^2 9^ ^1/ then a = 3 unless I2 = 0, in which case a G {2, 3}. 

(d) Assume Ni N2 N. Then q = 3 except when I2 ^ and li = 0; in this case 
a G {2,3}. 

Note that LM bundles of type Q lie in some Pn,N2,12 with N,Ni, N2 as in case 
(ta). Analogously, if is a LM bundle of type ([mil (resp. of type (|ivj)/ there exist 
N, N2, A^i = L (g) (iV (g) iV2)'^ as in da) or He) (resp. as in (ja) or 0) and I2 e N such that 
[E] G Pn,N2,12 On the other hand, if a bundle of type ^ defines a point of PN,N2,h 
then = /Ul (A'^2) = 1^l{Ni) and any case of the previous proposition may occur. 

Now, we consider the Grassmann bundle : Gn,N2,12 ~^ Pn,N2,12 with fiber over a 
point of Pn,N2,12 corresponding to a bundle E equal to G(3, H^{S, E)) and denote by 
'Wn,N2,12 the closure of the image of the rational map h]si^N2,i2 '■ Sn,N2,12 ""^ ^J(I-^I)- 

Lemma 8.3. Assume that general curves in \L\ have Clifford dimension 1 and maximal go- 
nality k = . Then, for any irreducible component W ofWN,N2,i2' 



1 3 
dimW < -g + d + --a, 
~ 4 2 



where a is as in Proposition 



Proof. Let Q be an irreducible component of Gn,N2,12 such that W = hN^N2,i2i9)- Since 
Q = ip~^{Z) for some irreducible component Z of Pn,N2,12' Proposition 18.21 implies 
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that: 

dimg = 3(c/-d + 2) +dimZ 

= 2,{g-d) + 12 -a- 2x{E) + 2/i + 2/2 + 

ci(iV) • ci(iVi) + ciiN) ■ ci{N2) + ci(iVi) • ci(iV2) 

= g-(i + 2- a + 2(/i + h) + ci(A^) • {ci{Ni) + ci(iV2)) + ci(iVi) • ci(iV2) 

= g + d + 2 - a - ci(iV) • ci(iVi) - ci(A^) • ci(A^2) - ci(iVi) • ci(iV2) 
3 

< g + d + 2- a - -k 

1 , 1 

< -g + d+ - -a, 

where we have used Lemma |53] and the fact that k > (5 + 2)/2. The statement follows 
since the fibers of h^^N^^^ are quotient stacks of dimension —1. □ 

Finally, we prove the following: 

Proposition 8.4. Assume that general curves in \L\ have Clifford dimension 1 and maximal 

gonality k = . Fix a positive integer d such that {g, d) ^ {(2, 4), (4, 5), (6, 6), (10, 9)}. 

Let W C Wn,N2,12 '^^ irreducible component 0/ W|(|L[). Then p{g, 2,d) > and W does 
not dominate \L\. 

Proof. Lemma |531 implies d > ^k, hence p{g, 2, d) > 0. Lemma [831 gives: 

1 3 
dim W<-g + d+ --a. 

Therefore, W cannot dominate if 
1 3 

29 + d+--a<g + p{g, 2, d) = -g + M- 6, 

that is, d > 1^ + ^ — f . In particular, as a > 1, it is enough to require d > ^g + ^ =: h. 
Such inequality is satisfied always except for 

(5, d) G {(2, 4), (3, 5), (4, 5), (5, 6), (6, 6), (6, 7), (8, 8), (10, 9), (14, 12)}. 

If {g, d) = (6, 6), the linear system \L\ can be dominated by W. In all the other cases 
d = [h\ and we check whether a > 2h — 2[h\ + l, which would prevent W from being 
dominant. This holds true if [g, d) {(2, 4), (4, 5), (10, 9)} (use that the case a = 1 may 
occur only when parametrizing LM bundles of type duj and that, if gcd(25( — 2,3) = 1, 
there do not exist properly /iL-semistable of Mukai vector v{E)). □ 

Remark 1. The four cases which are not covered by Proposition 18.41 might be treated 
by "ad hoc" arguments but this is not the purpose of the paper. 

Proofs of Theorem [LT] and Theorem [L3] are now straightforward. 

Proof of Theorem [TJ] Case dl) trivially follows from Proposition 16.31 Proposition 17.31 
and Proposition |831 

Now, let §5 + 2 < d < jg + 2. Given W an irreducible component of W^(|L|) 
which dominates \L\ and whose general point corresponds to a LM bundle that is 
not /^L-stable, Proposition l6.3l and Proposition |83] imply the existence of a line bundle 
N G Pic(5) such that W C Wn- The statement follows from Proposition El □ 
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Proof of Theorem [L3l Being non-simple, the LM bundle Ec,a is not /^L-stable. Since 
d < + 2, Corollary 15.41 implies the existence of a line bundle e Pic (5") such that 
Ec,A £ Rn{'C). The statement thus follows directly from Proposition 17.41 □ 

9. Transversality of some Brill-Noether loci 

We apply our results in order to prove Theorem II. 41 in the introduction. 

Theorem 9.1. Let r>3, g>0, d<g — Ibe positive integers such that p{g, r,d) < and 
d-2r + 2 > [{g + 3)/2j. If r > A, assume d^ > 4(r - l){g + r - 2). For r = 3, let 
d'^ > 8g + 1. If — 1 is not represented by the quadratic form 

Q{m, n) = {r — V)w? + mnd + {g — l)n^ m, n G Z, 

there exists a smooth curve C dW of genus g, degree d and maximal gonality . More- 
over, one can choose C such that for any complete, base point free gl on C with p{g, 1, e) > 
the Petri map is injective. 

Proof. Notice that the inequalities d < g — 1 and > 4(r — l){g — 1) trivially imply 

d > 4(r - 1). 

In order to prove the first part of the statement, we proceed as in [Fa] Theorem 3 
paying special attention to our slightly different hypotheses. Rathmann's Theorem 
implies the existence of a 2r — 2-degree K3 surface 5" C P*" and a smooth curve C C S 
of degree d and genus g such that Pic(5) = ZH © ZC, where H is the hyperplane 
section of 5. Our assumption on Q implies that S does not contain (— 2)-curves. As 
in l|Fall . one shows that the line bundle L := Os{C) is ample by Nakai-Moishezon 
criterion (if D C 5 is an effective divisor, use that > and D ■ H > 2, in order to 
show that C ■ D > 0). Hence, C has Clifford dimension 1 (cf. liCPl Proposition 3.3). 

Assume that C has gonality k < . We reach a contradiction by showing that 

k > d — 2r + 2. If ^ is a complete, base point free pencil gl on C, by [|DM| Theorem 
(4.2) there exists an effective divisor D = mH + nC on S, such that |^| is contained in 
the linear system |Oc'(D)| and the following conditions are satisfied: 

Os{D)) > 2, h^{S, Os{C -D))>2, C ■ D < g - 1, Cliff (Djc) = Cliff(^). 

In particular, as remarked in l|DMI page 60, the last equality implies that 

h\S,Os{D)) = h\S,Os{C - D)) = 0, 

thus ci{D)'^ > and ci(C - D)"^ > 0. Moreover, one has 

k = 2 + Cliff (Z)|c) = D-{C-D). 

We show that 

/(m, n) = D-C-D'^ = -{2r - 2)m'^ + d{l - 2n)m + (n - n^){2g -2)>d-2r + 2, 

for values of m and n satisfying the following inequalities: 

(i) (r — + mnd + n'^{g — 1) > 0, 

(ii) (r — l)m^ + (mn — m)d + (1 — n)'^{g — 1) > 0, 

(iii) 2 < (2r - 2)m + nd < d - 2, 

(iv) md + (2n -l){g-l) < 0. 

Assume first that n = 1, and set a = —m. Then ([ill) implies < a < (d — 2)/ (2r — 2). 
Inequality ^ is equivalent to (r — l)a^ — ad + 5 — 2 > 0, whence 



d- Vd2-4(r-l)(g-2) 
" - 2r - 2 
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We have /(—a, 1) > d— 2r+ 2 whenever 1 < a < d/ {2r — 2) — l. For either r > 4orr = 3 
and d'^ -8g > 8, this holds true because d"^ - 4(r - l){g - 2) > 4r(r - 1) > 4(r - 1)^. 
If r = 3 and d'^ — 8g < 8, then d'^ — 8g = A and d = 2 mod 4. Hence, ([mjl implies 
that 1 < a < (d - 4)/4. Remark that /(-a, 1) = d - 2r + 2 whenever a = 1, that is, 
C = C — H. The case n = can be treated similarly by using ^ instead of (Q), and one 
obtains that f{m,0) > d — 2r + 2 with equality holding only for m = 1, that is, D = H. 

If n < 0, inequalities (H), (jml) and (|iv]| imply that —an < m < {g — — 2n)/d, 
where 

d+ Vd2-4(r-l)(g-l) 

a = . 

2r - 2 

Therefore, one has 

f( ^ ^ ■ /fr ^ , ^ (g-l)(l-2n) 
f{m,n) > mmi f{-an,n),f ( ,n 

Analogously, if n > 2, then max{-/3n, (2 - nd)/{2r - 2)} < m < {g - 1)(1 - 2n)/d, 
where 

d-^d^-A{r-l)ig-l) 
^ 2r-2 

this gives 

f{m,n) > mm< j ( ,n I ,max<^ j{-/3n,n),j I _ ^ , n 

Computations in MFal give max{/(— /3n, n),/ ((2 — nd)/{2r — 2),n)} > d — 2r + 2 if 
n > 2, and f{—an, n) > d — 2r + 2 when n < 0, unless r = 3, n = — 1 and d"^ — 8g = 4. In 
this case, (i = 2 mod 4 and m> (d+4)/4 by dmll; one uses that /((d+4)/4, -1) > d-A. 
In order to conclude the proof that C has maximal gonality, it is enough to remark that 
the function 



(<7-l)(l-2n) \_g-l 



h{n) := f ( ,n 



(2n-l)^(d^-4(r-l)(g-l)) 
d2 



+ 1 



reaches its minimum for n = 1/2 and /i(0) > d — 2r + 2 by direct computation. 

Concerning the last part of the statement, assume C is general in its linear system 
and let ^4 be a complete, base point free pencil gl on C such that p{g, 1, e) > and 
ker fiQ^A / 0. The bundle E = Ec,a is non-simple, hence it cannot be /^L-stable. As a 
consequence, there exists a short exact sequence 

(30) O^M^E-^N0l^->O, 

where M, are line bundles, is the ideal sheaf of a 0-dimensional subscheme ^ C S 
and ci(M) • C > hl{E) = g - I > ci{N) ■ C. If sequence ^ does not split, then 

h^{S,E (g) E"^) < l + dimHom(M,iV«)/5) +dimHom(iV®/5,M). 

Since ^l(M) > /iL(iV), if Hom(M,iV®/g) / then M ~ iV and C = 2ci(M), which is 
absurd. It follows that A^^ (g) M is non-trivial and effective. Since S does not contain 
(—2) -curves, one has 

ci(7V^ «) Mf = C^ - 4ci{N) ■ ci(M) = 2g-2- 4ci(iV) • ci(M) > 0; 

this contradicts Lemma KT\ which states that ci(iV) • ci(M) > k > {g + 2)/2. Thus, 
^ = and sequence (l30l l splits. We have to show that, if £' = © M is a split- 
ting LM bundle, the rational map x '■ G{2, {S, E)) — \L\ cannot be dominant. 
Remark that x factors through the rational map He ■ G{2,H^{S,E)) — ^ >Vi(|L|), 
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whose fiber over a point (C, A) € ImhE is at least l-dimensior\al since it is isomor- 
phic to F(Rom.{Ec,A, ^^c ® ^^)°)/ where }iom.{Ec,A,^c ® ^^)° is an open subgroup 
of }iom{Ec\A,^c ^ — H^iS,Ec,A ^ a)- enough to conclude because 

pig,l,e) > 0,hence dimG{2, H^{S, E)) = 2{g-e + l) < g. □ 

Theorem 9.2. Let g, r, d satisfy the hypotheses of Theorem 19.11 The curve C can he chosen 
such that, if 

r , 17 23 

e < mm <^ d - 2r + 5, —g + — 

then C does not have any complete, base point free net g1 for which the Petri map is non- 
injective. 

Proof. Let S C P^' be as in the proof of Theorem 19.11 and C be general in its linear 
system. Let A he a complete, base point free net on C of degree dA < ^g + ff; if 
p{g,2,dA) > 0, assume moreover that ker/io,A / 0. Corollary 15.41 and Proposition 
I7.4l imply that \ A\ is contained in the linear system \Oc{D) \ for some effective divisor 
D = niH + nC on S such that: 

h^{S, Os{D)) > 2, h^{S, Os{C -D))>2, C-D< Cliff (Z)|c) < Cliff (A). 

In fact, the Lazarsfeld-Mukai bundle E := Ec,a is given by an extension: 

0^ N ^ E ^ E/N 0, 

where N := Os{C — D) and E/N is a ^^-stable torsion free sheaf of rank 2 on S. 
Lemma [3.31 implies h^{S, Os{D)) > 2. As in the proof of Proposition 17.41 one shows 
that 1)2 > 0, hence h^{S,Os{D)) = 1. Moreover, one obtains that h^{S,N) > 2 and 
h^{S, N) = 0; indeed, one has h^{S, N) = and the inequality (C - Df < would 
imply d > {5g + 4)/6, which is absurd. As a consequence, one has 

(31) dA - 4 = Cliff (^) > Clifr(L'lc) = D-C- 2h^{S, OciD\c) + 2 = D ■ {C - D) -2, 

and equality holds whenever = 2 and C2{E/N) = 2 (cf. proof of Proposition I7.4|l : 
in particular, for D = H, the inequality is strict. We show that 

(32) f{m,n) := D ■ {C - D) > d-2r + 2, 

and, if equality holds, then either D = H or D = C — H. Computation are similar to 
those in Theorem 19.11 but now, instead of having D ■ C < g — I, we only know that 
D ■ C < {4g — 4) /3. Therefore, inequality must be replaced with 

(iv') md+{2n- |)(c/- 1) < 0. 
The cases n G {0, 1} can be treated exactly as before. For n < 0, we have 

f( ■ if( ^ J {g-l){l-2n) \\ 
f{m,n) > mm < f{-an,n),f I ^ ,n I ^ . 

If n > 2, then 

f{m, n) > mm <^ / -f ,n , max <^ /(-/3n, n), / -,n 



d I [ \ 2r 

Therefore, it is enough to show that 

g{n) := / — -,n - d + 2r - 2 > for n < orn > 2. 
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One can write g{n) = av? + bn + c, with 

Since a > and < —6/ (2a) < 1, our claim follows if ^(0) = c > 0, or equivalently, if 

3 gj-J^ 3 / d-2(r-l) \ 

4 d 8 V 1 y ■ 

The left inequality is trivial since d < g — 1. The right inequality is equivalent to the 
condition 8{g — l)(r — 1) < 3d^ — 6d{r — 1), which is satisfied as well (if r > 4, use that 
8{g - l)(r - 1) < 2^2 - 8(r - l)^ and d > 4(r - 1); if r = 3, use that d^ > 8g + 1 and 
either {g, d) = (12, 11) or c? > 12 by manipulation of the hypotheses). 

We conclude that > d — 2r + 4 and the inequality is strict unless equalities hold 
both in (HB and (HDl, thus D = C - H and (C - Hf- = 2. This case can be excluded 
since it would imply d = g + r — 3>g. □ 

The proof of Theorem 11.41 is now trivial: apply Theorem 19.11 and Theorem 19.21 and 
proceed by induction on / and e in order to deal with pencils and nets g^ which 
have a nonempty base locus. 



10. Noether-Lefschetz divisor and Gieseker-Petri divisor in genus 11 

The Clifford index Cliff (C) is one of the most important invariants of an algebraic 
curve C. In LLNl | Lange and Newstead defined the analogous of the Clifford index 
for higher rank vector bundles in the following way. If Uc{n, d) denotes the moduli 
space of semistable rank-n vector bundles of degree d on a genus-^ curve C, given 
E € Uc{n, d), the Clifford index of E is 

-f{E) := n{E) - -h°{C, E) + 2>0, 
n 

where iiiE) denotes the slope of E. For any positive integer n, one defines the higher 
Clifford index of C 

Cliff„(C) := min{7(E) [ E € Uc(n, d), /i°(C, E) > 2n, fi{E) <g-l}. 

A natural question is whether higher Clifford indices are new invariants, different 
from the ones arising in classical Brill-Noether theory. In BLNlll Lange and Newstead 
reformulated a conjecture of Mercat (cf. BMel ) in a slightly weaker form predicting: 

(33) Clifr„(C) = Cliff(C); 

remark that trivially Cliff „(C) < Cliff (C), while the the opposite inequality is largely 
non-trivial. When n = 2, the conjecture has been proved for a general curve in Mg if 
5 < 16 by Farkas and Ortega (cf. |F01|) and the same is expected to hold true in any 
genus. However, if gf > 11, there are examples of curves with maximal Clifford index 

Cliff (C) = ^ that violate dSS) forn = 2. These have been constructed in llFOTl . 
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IIF02I , ilLNTl , IILN2I . llLN3l as sections of K3 surfaces with Picard number at least 2. 
We recall that the K3 locus 

Kg := {[C] e Mg\C C S, S is a K3 surface} 

is irreducible of dimension 19 + 5 if either (7 = 11 or 17 > 13 (cf. IICLMI ). In particular, 
/Cii = Mil and a general curve [C] e Mn lies on a unique K3 surface with Picard 
number 1 (cf lM2J). Given two positive integers r, d such that d? > 4(r — l)g and d 
does not divide 2r — 2, one defines the Noether-Lefschetz divisor inside }C„ as 



MCI, := \ [C] G K 



C C S, S is a K3 surface, Pic(5) D ZC ZH, 
Hnef , = 2r -2, = 2g -2, C ■ H = d 



In IIF02II it is proved that a curve C of genus 11 violates Mercat's conjecture for n = 2 
whenever [C] G MCfi i^. 

Since some of the curves exhibited in PLNll , IILN2I , IILN3I do not satisfy the Gieseker- 
Petri Theorem, Lange and Newstead asked whether ClifF2(C') = Cliff (C) whenever C 
is a Petri curve (Question 4.2 in I ILN3II ). We prove Theorem |1.5l which gives a negative 
answer to this question. 

Let S* C be a K3 surface such that Pic(5) = ZC © ZH, where H is the hyperplane 
section, = 6, = 20 andC-H = 13. Denote by L the line bundle OsiC). We show 
that, if C G 1^1 is general, then [C] does not lie in the Gieseker-Petri locus GPn. Recall 
that GPn has pure codimension 1 in Mn (cf. BLCII ') and decomposes in the following 
way: 

10 

GPn = Mfi^g U GPfi,io U U GPh,d, 

d=7 

where Mf^ g is a Brill-Noether divisor. Therefore, proving the transversality of ^fCfl 13 
and GPn is equivalent to showing that in the above situation, if C G |-^^| is general, 
then G has no gg and the varieties Gig(C) and G\{C) for 7 < d < 10 are smooth of the 
expected dimension. 

We proceed as in the previous section; since the hypotheses of Theorem 19. II are not 
satisfied, explicit computation must be performed. Direct calculation imply that S 
does not contain any (— 2)-curve. Moreover, G is an ample line bundle on S by Propo- 
sition 2.1 in I1LN3 I. As a consequence, G has Clifford dimension 1 (cf. Proposition 3.3 
in BCPID and Cliff (C) = 5 (cf. Proposition 3.3 in IIF02II ). In particular, G has maximal 
gonality k = 7 and has no g"^ for d < 8. Hence, in order to prove that Gl{G) = 0, 
it is enough to exclude the existence of complete, base point free gg on G. Similarly, 
the condition [G] GPf^ is equivalent to the requirement for GIq{G) to be smooth 
of the expected dimension p{ll, 2, 10) in the points corresponding to complete, base 
point free linear series. Analogously, by induction on d, if the Petri map associated 
with any complete, base point free pencil of degree 7 < d < 10 is injective, then 
[G] UZ,GP,\,. 

For any A G Gg{G), the Petri map ^o,A is non-injective for dimension reasons and 
the bundle E = Ec,a is non-simple, hence it cannot be /UL-stable. Since 

gcd{rkE,ci{Ef) = gcd(3,20) = 1, 

there are no properly semistable sheaves of Mukai vector v{E) = (3, G, 4); hence, E is 
//^-unstable. By Corollary 15.41 E sits in the short exact sequence 

(34) O^N ^E^ E/N 0, 
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where N € Pic(S') is its maximal destabilizing sheaf and the quotient E/N is a /x^- 
stable torsion free sheaf of rank 2. Having denoted by D the first Chern class of E/N, 
Proposition l7.4l implies that the line bundle Oc{D) contributes to Cliff (C). Moreover, 
as in the proof of the aforementioned proposition, one shows that 

(35) Z)2 > 2, 

(36) C2{E/N) > 1 + \d'. 
Furthermore, Lemma gives 

(37) ci{N)-ci{E/N) = {C-D)-D>k = 7. 
Since 

9 = C2iE) = C2{E/N) + {C - D) ■ D >^ + -^D'^ + {C - D) ■ D, 

the divisor D = mH + nC must satisfy 

C-D = 13m + 20n = 9 

= + 20n^ + 26mn = 2(m + n)(3m + lOn) = 2 " 

One shows that this system admits no integral solution. As a consequence, a general 
curve in |L[ has no linear series of type gg. 

Analogously, given a complete, base point free A G GfQ(C) with ker/io,A ^ 0, the 
LM bundle E = Ec,a is L-unstable and its maximal destabilizing sheaf is a line bun- 
dle such that E/N is ^^-stable by Corollary 15.41 With the same notation as above, 
inequalities (l35l l, (l36l l, (l37l l still hold true and the following cases must be considered: 

C-L» = 10 ( C-D = 9 

(a) { D^ = 2 (b) \ D^ = 2 

{C2{E/N) = 2) [ {C2{E/N)=3) 

C- D = ll ( C-D = 13 

(c) <( 1)2 = 4 (d) \ D^ = 6 

{C2{E/N) = 3) [ {C2{E/N) = 3) 

These systems have no integral solutions except for (d), which is satisfied by 

(m,n) = (1,0). 

Therefore, N = Os{C - H) and v{E/N) = {2,H,2). Since {v{E/N),v{E/N)) = -2, 
the sheaf E/N is uniquely determined. 

By applying first Hom(ii^, — ) and then Hom(— , N) and Hom(— , E/N) to the short 
exact sequence (|34l l, one shows that 

h^{S,E(^E'^) <2 + dimHom(iV, E/N) + dimHom(£;/iV, N) 

and the inequality is strict if the sequence does not split. Since /xl(A^) > iil{E/N), 
Proposition |311 implies that YloraiN.EiN) = 0. Let 7^ a e Hom(^/7V, iV). Since 
both Im a and ker a are torsion free sheaves of rank 1, there exists an effective divisor 
Di on 5 and two 0-dimensional subschemes ^1, ^2 C S such that E/N is given by an 
extension 

^ Os{2H -C + Di)® ^ E/N Os{C - H - Di) ® I^^ 0. 
The /XL-stability of E/N implies that 

13/2 = hl{E/N) <{C-H-Di)-C = -Di • C + 7; 
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since C has positive intersection with any non-trivial effective divisor, Di = 0. It 
follows that 

3 = C2{E/N) = {2H -C)-{C-H) + + > 7, 

which is absurd. Hence, Hom(£'/A^, A^) = and (l34ll splits. As a consequence, the 
bundle E = N @ E/N is uniquely determined. 

We look at the rational map x '■ G{3, H^{S, E)) — -> |L|; this cannot be dominant 
since dim G [3, H^{S, E)) = 9. Therefore, a general curve C G \L\ does not lie in 

11,10 • 

It remains to show that, if C G \L\ is general, then [C] U^'LyGPl^ ^. It is enough to 
prove that for any complete, base point free on C the Petri map is injective. One can 
proceed exactly as in the last part of the proof of Theorem 19.11 since S does not contain 
(—2) -curves. 



References 

[AF] M. Aprodu, G. Farkas, The Green Conjecture for smooth curves lying on arbitrary K3 surfaces, Com- 

positio Math. 147 (2011), 839-851. 
[B] T. Bridgeland, An introduction to motivic Hall algebras, ArXiv:1002.4372. 

[CLM] C. Ciliberto, A. Lopez and R. Miranda, Projective degenerations of K3 surfaces, Gaussian maps and 

Fano threefolds, Invent. Math. 114 (1993), 641-667. 
[CP] C. Ciliberto, G. Pareschi, Pencils of minimal degree on curves on a K3 surface, J. Reine Angew. Math. 

460 (1995), 15-36. 

[DM] R. Donagi, D. R. Morrison, Linear systems on KZ-sections, J. Differential Geometry 29 (1989), 49-64. 
[Fa] G. Farkas, Brill-Noether Loci and the Gonality Stratification of Mg, J. Reine Angew. Math. 539 (2001), 
185-200. 

[FOl] G. Farkas, A. Ortega, The maximal rank conjecture and rank two Brill-Noether theory, to appear in 

Pure Appl. Math. Quarterly 7 (2011), 1265-1296. 
[F02] G. Farkas, A. Ortega, Higher rank Brill-Noether theory on sections of K3 surfaces, ArXiv:1102.0276. 
[Fr] R. Friedman, Algebraic surfaces and holomorphic vector bundles. Springer- Verlag Nw York (1998). 
[Go] T. Gomez, Algebraic stacks, ArXiv:math/9911199vl. 

[GL] M. Green, R. Lazarsfeld, Special divisors on curves on a K3 surface. Invent. Math. 89 (1987), 357-370. 
[HL] D. Huybrechts, M. Lehn, The geometry of moduli spaces of sheaves (second edition), Cambridge Uni- 
versity Press (2010). 

[LI] R. Lazarsfeld, Brill-Noether-Petri without degenerations, J. Diff. Geom. 23 (1986), 299-307. 

[L2] R. Lazarsfeld, A sampling of vector bundles techniques in the study of linear series, in Lectures on 

Riemann surfaces (Cornalba, Gomez-Mont, Verjovsky, eds.), 500-559, World Scientific (1989). 
[LC] M. Lelli-Chiesa, The Gieseker-Petri divisor in Mg for g < 13, to appear in Geom. Dedicata. 
[LNl] H. Lange, PE. Newstead, Clifford indices for vector bundles on curves, in: Affine Flag Manifolds and 

Principal Bundles (A. H. W. Schmitt editor). Trends in Mathematics, 165-202, Birkhiiuser (2010). 
[LN2] H. Lange, PE. Newstead, Further examples of stable bundles of rank 2 with 4 sections, to appear in 

Pure Appl. Math. Quarterly 7 (2011), 1517-1528. 
[LN3] H. Lange, PE. Newstead, Bundles of rank 2 with small Clifford index on algebraic curves, 

ArXiv:1105.4367. 

[Me] V. Mercat, Clifford's theorem and higher rank vector bundles. Int. J. Math. 13 (2002), 785-796. 

[Ml] S. Mukai, On the moduli space of bundles on K3 surfaces, I, M. F. Atiyah and others. Vector bundles 

on algebraic varieties, Bombay Colloquium 1984, Tata Institute for fundamental research studies 

in mathematics 11 (1988), 139-174. 
[M2] S. Mukai, Curves and K3 surfaces of genus eleven, in: Moduli of vector bundles. Lecture Notes in 

Pure and Applied Math. 179, Dekker (1996), 189-197. 
[OSS] C. Okonek, M. Schneider, H. Spindler, Vector bundles on complex projective spaces, Birkhauser (1980). 
[P] G. Pareschi, A proof of Lazarsfeld's Theorem on curves on K3 surfaces, J. Algebraic Geom. 4 (1995), 

195-200. 

[SD] B. Saint-Donat, Projective models of KS surfaces, Amen J. Math. 96 (1974), 602-639. 



STABILITY OF RANK-3 LAZARSFELD-MUKAI BUNDLES ON KZ SURFACES 



29 



[Sh] S. Shatz, The decomposition and specialization of algebraic families of vector bundles, Compositio Math. 
35 (1977), 163-187. 

[Y] K. Yoshioka, Irreducibility of moduli spaces of vector bundles on K3 surfaces, ArXiv math/9907001y 2. 

Humboldt Universitat zu Berlin, Institut fur Mathematik, 10099 Berlin 
E-mail address: lelliSmath . hu-berlin . de 



